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Abstract

Special and degenerate representationsfor reduced cells have been

derived from the 41 Niggli matricies for general reduced cells. They

are combined with the representationsfor the general reduced cells to

form an expanded classification scheme based on specific relationships

between the individual elements of the matrix representation.

Typographical errors in several references are noted and corrected.
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1. Introduction

The purpose of this paper is to lay the foundation for a ccxnputer

program to be written for indexing unknown X-ray powier patterns. The

concept of a Niggli reduced cell is used; the figures upon which this

type of cell is based have been redrawn to emphasize the positive

direction of, and the appropriate angles between, the various vectors

defining the cell. Typographical errors in seveml references are noted

and corrected. An expansion of a classification table is made that

inclties special and degenerate cases of the reduced cell for which no

ent~ to the classification table has been previously provided, and,

finally,the classification tdble is arranged in a manner convenient for

canputer programming.

The concept of a reduced cell has been familiar in the field of

crystallographyfor seveml decades. The reduced cell used in this

paper is a special cell, a specific one of the infinite number of cells

which may be used to describe or characterize a lattice. Briefly, it is

the unit cell having as edges the shortest three noncoplanar trans-

lations of the lattice.

In addition, as outlined by Azaroff and Buerger (1958), pg. 129-

131,a unit cell maybe characterizedby having the cosines of the inte~

axial angles all positive (type I) or all negative (type II). Any

mixture d positive and negative cosines maybe transformed to either

.
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type I or type II by appropriate reversal of the individual axial

directions. Therefore, the reduced cell may be further characterized

as also having the interaxial angles either all acute or all obtuse.

2. The Niggli matrix representation

A unit cell of a lattice is usually described by listing the three

cell edges} ~> b~ s) and the three interaxial angles, a, f3,7. However,

the following scalar products

2a“a = a (1)---

b.b =b2 (2)---

C*C = c2 (3)---

a“b = ab cos y (4)--—

a.c = ac Cos B (5)--—

b-c =bc COS~ (6)--—

may also be taken as an exact representation of the cell, since the six

quantities EL,Q, ~, and c%,f3,7 can be readily derived from them. For

identificationpurposes the six scalar products may be arranged in a

particular fomat, specifically a rectangular array

The numerical aspects.

by writing the rectangular

(
a.a bob C*C---- --

)

(7)
b.c a-c a“b-- -- - -

of these scalar products maybe emphasized

array as

(8)
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In this case S
23 represents the scalar prcduct between the axes labeled

2 and 3, etc. Any particular cell may be npresented by setting down in

the array fomnat the numerical values of these six quantities.

Since there are 14 space lattice types it might be supposed that

there are also 14 reduced-cell representations. Actually, because some

lattice types have several.different representationswhich depend in

detail on thevarims dimensional.relations and specific identification

of the three axes of the unit cell, there is a total of 41 “standami”

representationsfor all the cases of general reduced cells. These have

been discussed in detailby Niggli (1928) and by Azaroff and Buerger,

(1958) and are also discussed here in Appendix C. In many cases an

“~te~ative” (as opposed to “standati”) representationmaybe found for

a general =duced cell. l?his“alternative” represen~tion is just a8

legitimate a representationas the “standati”. In Ofier to limit the

nuniberof reduced-cell representationstobe considered in toto, the

usual convention is to assign the value -0.0 to the cosine of 90°. Thw

the “standafi” representationwill in general, if at all possible, be a

unit cell & type II. For example, a simple orthorhotiic reduced cell

has three unequal edges and three angles equal to 90°. The “standafi”

representation thus has~o~ = -O.O$ a“c = -O.Oj and b“c = -0.0, whereas.- ..-

the “alternative” representationwould have these quantities equsJ to

+0.0.

In Niggli’s treatment of general reduced-cell types the three

shortest noncoplauar vectors are labeled e, 2} & with e < f < g. In a---

●
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later section of this paper it will be shown that there exist “standati”

representationsin which two (or three) of the ~, ~, g vectors are equal

in magnitwle and that these do not correspond to any & the 41 general

reduced-cell “standafi” rep~sentations. Such reduced cells are

designated special or degenerate to distinguish them frcxna general

reduced cell.

The remainder & this paper willbe concerned with the following

four types of representations:

1. “Standafi” general representations

2. Alternative general representations

3. “Standani” degenerate representations

4. Alternative

For convenience

been redrawn and are

degenerate representations

the reduced-cell types discussed by Niggli have

given in Appendix A.

‘Ihble1 lists the rectangular array (hereafter designated a Niggli

matrix) representation of the reduced-cell types drawn in Appendix A.

l’histable is a correction of Table 6,pg 146,ofAzaroff and Buerger.
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Table 1. The Niggli matrix representation of the reduced cells.

(Numbers are Niggli’s figure numbers.)

Mle
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(An + designates a corrected element in the matrix.)
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3* The transformationmatrices

All reduced cells are considered to be primitive triclinic cells.

Special angles, i.e. 90°, or other relationships involving symmetry of

the lattices result in particular values for many of the temns in the

Niggli matrix. These values and relationshipsform the basis for the

classification system which will be described in the next section.

The axes of a reduced cell are identical with the axes of a second

unit cell only if the second unit cell is itself primitive. In all

other cases the axes of a second cell.that has more symmet~ elements

than

with

the reduced cell mqybe found fran the axes of the reduced

the aid uf a transformation.

In the general case this transformation has the form

= Ular + VIQr + W1~r
%-

~t = U,ar + V2br +W2~r

% = ‘$% ‘v#r ‘W%r

where (~ 2J s)t = the axes of the transformed cellj

(g, Q, C_)r= the axes of the reduced cell

cell

(9)

and (u,v,W)12,3= coefficients of the vector translations.
9

Since in specific cases only the coefficients al?Eq (9)vary, the trans-

fomnation process is usually representedby

matrix is

()
‘1 ‘1 ‘1

U2V2W*

‘3 ‘3W3

a matrix. ForEq (9)the

(lo)
. I

.
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Different terns of the matrix (10) imply different degrees of

symmetry in the transfonned cell. In !I%ible2 are listed the transfor-

mation matrices to be used with the reduced-cell representations of

Table 1. The Niggli figure nunibersprovide a convenient cross-

correlationbetween T’Able1 and 2. !Mble 2 is a correction aP !Mble 7,

pg lb$, of Azaroff and Buerger.

The intemxial angles of the transformed cell may also be found by

utilizing Eq (9). No tmsfonnation of interaxial angles is required

in the triclinic case since the reduced cell is primitive. In all other

cases the only transfomed-cell interaxial.angle calculation required

is for angle p for monoclinic crystals. This maybe computed accoxiiing

to the folowing analysis.

The scalar product of ~and ~ of the transformed cell is givenby

= Iatlx Ictlxcos (~tAft)%“:t - -
(11)

% “-a
●“.Cos @t = —

%%

Stistituting fromEq (9) for

1
cospt=—

{
(u~sr +

%%

scalar product a ●C
-t-t ‘ives

}
Vpr + wl~r) “ (U+r + V+r -1-W+r) (13)
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=

+

+

+

uVa*b
1 >r -r

+UWa*c
1 >r -r

VIUJ#& + V W b “C
1 >r -r

WUc*a +WVc*b
1 >r -r 1 >r -r }

(14)

Smstitutions for scalar cross-product tem f= Eq (4), (5), ~d (6)

and rearrangementgives

1
Cos f3t= —

{
up+’ + Vlvg + w w C2

%%
1 *r

b COS yr+ (U1V3 + ‘3V1) %r

+ (V1W3 + V3Q Q<r Cos ~r

a Cos f3r+ (wl”3 + W3U1) %-r
}

(15)

Since the cosine is known, the angle f3tmay be easily found.

4. A classification system for the Niggli matrices

After the scalar army for a particular cell has been found, the

next step is to Identify it with one of the “standani” representations

in Table 1. Niggli presented a table to perform this opemrtion, and

Azaroff and Buerger translated and rearranged this tmhle to yield in

their book Teble 8, pg 150. They also describe the procedure for

using their table.

Use of their procedure and !lkble8, provides an elegant method of

identificationprovided that the scalar array being examined belongs to

one of the 41 “general” reduced-cell types. To realize the maximum

usefulness frun such a table hmever, one should be tile to find ~d

14



identify the special and degenerate caaes that result when one (or two)

of the reduced-cellvectors$, ~, & are equal in magnitude and do not

yield a representation identical with any of the “standafi” 4.1

representations.

For example, the representation for a hexagonal cell with ~~> 1.0

is

and for cfa < 1.0

’11 ’22 ’22

522 ~ ~

z-
Both of these representationsare in the table. But for~~ = 1.0, the

representationfor a hexagonal.cell may be

’11 ’11 ’11 ’11 ’11 ’11 ’11 ’11 ’11

These three representations for the case of ~~ = 1.0 result

because it is not known which of the three identical axes is used or

chosen as the “~, b,or c“ axes of the unit cell. If these special.--

representationsare incltied in a classification scheme, then a routine

search of the tables and application of the appropriate transformation

matrix will result in a transformed cell having the conventional setting

15



ofa=$MI°, p=goO, y= 1200. Since a computer, or a human being for

that matter, may find any of the three representations,a classification

scheme should consider cases of this type. Azaroff and Buerger’s

current version of !llible8 does not allow this to be done.

All the special and degenerate cases are determinedly allowing

the:, ~, ~ vectors of the 41 general.

to each other accotiing to the scheme

with the general set of vectors ~, ~,

magnitude until it exactly equals the

Niggli reduced cells tobe equal

illustrated in Figure 1. Starting

~, the vector~ may decrease in

magnittie of f, then the vector

set will be e, f, <. This set may degenerate in one of two ways. .

depending on whether the~ vector in the second or thimi position

degenerates to equal in magnitude an: vector. If the second vector

degenerates, the set is ~, $, ~. If the thifi vector degenerates, the

set is (e, f, e), which, if the convention af listing the shortest---

vecto= first is followed, transforms to e, e, f. Extreme care must be-e-

xercised at this stage as the transformed set may or may not identically

equal the~, ~, ~ set dbtained when the second vector of:, ~, ~

degenerates to~. Both the~, ~, ~ and the (~, <, ~) vector sets may

reduce to e, e, e if f degenerates to equal in magnituie the vector e.----

The vector set~, <, & may also degenerate in two other ways. The

vectorg may go directly to =: value; in that caseeg becanes the

second longest vectorj which is usually designated f. Or, the original

vector~ may go directly to m: value,and in that case the represen-

tation is (~, ~, ~). This set was discussed in the previous paragraph.

16
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Figure 1. Flow chart for the degeneracy of three general vectors ~ ~,

g to three identical vectors ~, ~, ~.
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If at

41 reduced

one of the

any time during the application of Figure 1 to each of the

celds a representation is &tained which is different from

41 representations,then this representation is retained for

inclusion in an expansion of the

Bue~er. If a representation is

scheme of l%ble 8 of Azaroff and

dbtained that is equal to one of the 41

general.representations,then the representation is ignored as it is

adequately covered under the general headings.

An illustrative example of the derivation of special and degenerate

cases is given belowby applying Figure 1 to an encl.-centeredortho-

rhonibiccell, Niggli Figure 50A.

For 50A, ~, ~, ~, the reduced-cell representation is

.

.

is

is

3.$



For 50A, (~, ~, e) the reduced-cell representation is

’11 ’22 %

However, transforming to the convention of listing the shortest vectors

first gives

’11 “sll ’22

G

which is the representation for a hexagonal cell with ~~

For 50A, e, e, e. the reduced-cell representation is—.–..

’11

511

T

which is the

-..

’11 ’11

, or
65

representation

’11 ’11 ’11

for a hexagonal

’11 ’11

or
65

cell with c/a

> 1.0.

’11

511

7z-

= 1*O.

Assuming that the hexagonal degeneracies have been previously

determined, the allowable reduced magnitudes of the various vectors in

50A yield four representations that had not been seen before. Two for

the:, <, f case and two for the$, ~, f case. It is of special

interest to note that the~, ~, ~ case does not equal the (~, ~, ~) case,

which WLustrates the point made previously that these cases are not

automatically equal.

Ninety-one special ard degenerate cases were derived in this

manner. These are incorporated with the standard 41 representations in

19



Appendix B which is an expanded veraion of Azaroff and Buerger’s Tdble 8.

The use of Appendix B for identification of a reduced cell is very

similar to the procedure for use with Table 8 of Azaroff and Buerger.

The given scalar matrix is examined,and the table is entered under the

major catagory of the symmetrical scalars being either

’11 = ’22 =

‘r ’11 = ’22 +

‘r Sll + S22 =

‘r s~~ + S22 #

and the minor branch of unsymmetrical

or all-negative. A quick glance down

’33

’33

’33

’33

scalars being either all-positive

the first column of the minor

branch (assume Su = S22 = S
33

and the all-negative minor branch)

ide~tifie~ the unsymmetrical scalar S
23

at scme point as either

’11
F, —

’11— sane other specialized value, or a general value. At
3’ 2’

that point the second column is entered to identify the scalar S
13“

Upon identification of S13, searching is transferred to the thifi

column where s~cial or general values are noted for the scalar S
12”

When canplete identification of the unsymmetrical scalars is achieved

the table is read horizontally to determine the lattice to which the

reduced cell belongs; the Niggli figure frcxnwhich it was derived; and

whether the fig= ia a standafi representation,an alternative

representation of the standafij or a degenerate development. Also given

is the transformationmatrix for converting the reduced cell to one of

.

.
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.
higher symmetry accofiing to Eq (9)and any pertinent comments that may

help to classify the transformed cell.

If a match of unsymmetrical scalars cannot be found j.nsearching a

minor branch of the table, then exit is made from the t~le with the

knowledge that a triclinic cell is under investigation.
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Appendix A.

The 41 general reduced cells accotiing to Niggli. The original figure
numbers have been retained,but the relative orientations of several
of the reduced cells have been changed for clarity.

(The symbol d stands for the diagonal of either a unit cell or a unit
cell face depending on the context of the appropriate Niggli figure.)
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A

Simple

(’11 ’11 ’11
555 )

B

Body-centered

c
Face-centered

’11
’11
T )
%
’11

-T

e
.

Figure ~.The three cubic lattices
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A

Simple +

a<c

(’11 ‘u )’33
555

33

Simple -

a7c

(’11 ’22

)

’22

555

c
Body-centered i-

.

.

Figure 45. The five tetragonal lattices
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D

Body-centered

intermediate

E

Btiy-centered -

mI

18 e1
I

le—--- .
0

.

.

Figure 45 (cont.) me five tetragonal lattices
.
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A

Simple +

a<c

(’11 ’11

55

B

Simple -

a>c

()’11 ’22 ’22

522

T
55

I
I

I
f ~

1 I
I I

0

Figure 48. The two hexagonal

27
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B

Simple +

a < 600

~11 )’11 ’33

11 ’11 %
TTT

c
Intermediate +

60°CQ <900

( )

’11 ’11 ’11

’23 ’23 ’23

I
I

:

I

I

:
.— ----

e

Figure 49. The four rhombohedral lattices. (Drawings are the hexagonal
lattice representation)

.

.
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D

Intermediate-

go” < ~ c 109° 28V 16.4”
.

( )

’11 ’11 ’11

33323 23 23

E

Simple -

109° 28V 16.4” e a < Mo*

’11

3“2 - 511

T
2

Figure 454(cent.) The four rhmbohedral lattices
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c
Simple

~2 <b2<c
2

(

’11 ’22

)

’33
55?7

A
~2

a2<c
2<F

au

1e—

—---- —— -.

..-

Figure 50. Simple Orthorhcnibicand five C-centered
.

Orthorhombiclattices.
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D

.

.

d2
~<a2

d2
<c

2
F

(’11 ’11 ’33
555

12 )

E

( )’11 ’22 ’22

s~~23

F

---- ———- .

---- -.—- —

9

Figure 500(cont) Simple Orthorhombic and Five C-centered

Orthorhombic Lattices

31



A

82 <3C 2

B

a2>3c2

~;, )’22 ’33

11 ’11 ’11——
2

Figure 51. The two face-centered orthorhombic lattices.
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A

a<b<c

((’11 ’11 ’11
s F “511-523 13

-5
))23 13

d
a<-

2

(
s

11 ’22 ’22

’23 ’11 ’11 )TT

c
d

a<b<z

I
I

f

Figure 52. The three body-centeredorthorhonibiclattices.

(See Notes 1, 2, 3,Mn=ndfiB)
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A

a<b<c

(’11
E
.

’22

F 13 )’33
5

B

bca<c

(’11 ’22

)

’33

55523

c
a<c<b

f

B’

.

.

Figure 52 The three simplemonocliniclattices.
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A

a< ;<C

(

’11 ’22 ’33
523 E 311

-r )

B

d
c< b<=

()’11 ’22 ’33
522 F13 5
7-

C

Figure 54. Three monoclinic, double primitive lattices. TWO of the
three primitive translations have a ~“ incltied angle.
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A

()
’11 ’11 ’33
* * *
’23 ’23 ’12

B

d
c<-

2

I
I
I
I f

&

i!!!5i7B -—-. ----
;ff

Figure 55. TWO monoclinic, double primitive lattices. ‘IWO of the three

primitive translations a= equal, and make equal angles with

the thizxi translation.

.

.
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A

d
a<c<~

(~ )
’22 ’33

’11 ’12

27-

B

d
c<a<-

2

01 )’22 ’33

22 ’12 ’12
TT

c
d

a<~<c

.— -_ ____

K’

aI

9i

B ----- ---

f

.

Figure 56. Three monoclinic,double primitivelattices. TWO of the

three primitivetranslationslie in the sY~etV Plane.
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A
d

a<c<-
2

(
’11 ’22

522 - 312

2

’33

B

‘1 ‘2
T ‘T

’33

c

‘sll

[
’23

’22

’11
T )’33

’11
-E-

I

Figure 57. Three body-centeredmonocliniclattices.
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.

A
a<b<c

()’11 ’22 ’33

’23 ’13 ’12

B

a<b<c

()’11 ’22 ’33
T E’ Eru23 13

.

.

f

Figure 58- TWOtriclinic lattices
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Appendix B.

Determination of reduced cell type by classification of symmetrical and
unsymmetrical scalars. Special.ad degenerate representations derived
from the 41 original I’?ig@ireduced-cell representations are included.

(The symbol d stands for the diagonal of either a unit ce~ or a unit
cell face deperxlingon the context of the appropriate Niggli figure.)

.
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Note1: , it is possiblefor one unit cellto yieldsix re-

ducedcells. This is accom@ishedby a cyclicpemnutationof the unsym-

metricalscalars,which,in turn,resultsin a cyclicpermutationof the

orthorhambicunit cellaxes. For all thesecells,however,the sum of

the unsymmetricalscalarsis equalto S1l ard the final choiceof the

individual9, p, ~ axes is left to the investigator.

Note2: For 52B,eff, it is possiblefor one unit cellto have two dif-

ferentvaluesfor S23. Thesecorrespondto an interchangeof the ortho-

rhombic~ and ~ axes,atithe finalchoiceIs left to the investigator.

The algebraicsignsfor the two valuesof S23maybe-either (+, +) or

(+, -). Consequently,it is possible,when the algebraicsignchanges

from +to -, for S to hava the value* 0.0.

!WQL For 52B>as if all diagonalvectorsare chosen,then this case

is identicalwith the generalcase 52A. If anaAal vectorplus diagonal

vectorsare chosen,then all unsymmetricalscalarsare permuted. ‘Ihe

23 (or S13algebraicsignsof S or S12)may be againin the generalcase

(+,+) or (+, -). For S23 (or S15 or S12)= + 0.0, an alternativerepre-

sentationfor the face-centeredcubicis obtained. For S23(orS
13

or S12)=

-0.0,the tetragonalrepresentationof the face-centeredcubicis obtained.

Note4: For 57B,~, an interchangeimpositionsfor the values?!23and

?!13is to be e~cted. Thisresultsin merelyan interchangeof the final

~ and ~ axes. The correct~ angleis calculatedin eithercase.The sum

of unsymmetricalscalarsequalsSU.

E&Q: , it is possiblethat a reducedcellof the variety

3
23,1/2 ~u, 1/2 ~myexbt. This celd.is designatedas an alterna-

tive stafiardrepresentation.

Note 6: For 57C,eef,two differentpositivevaluesfor S23 exist. Use

of one or the othercausesonlyan interchangeof the unit cellg and ~

axes. An interchangeof S23 axxl 1/2 Sn is alsoto be expected. In

gdditionthereexistsa reducedcell.havingthe characteristics~23 %5

~. An interchangeof ~23 and ?313 valuesis

i8 an interchangeof the ~ and ~ axes in the
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AppendixC.

An alternativemethodleadingto the derivationof Niggli

matrices

Niggliderivedhis 41 standerdgeneralreducedcellsby applying

Eisenstein’s(1851)theoryof reduced

equationfor determiningthe absolute

lattice. This equationis

1212 = & + &_2 + W=& -i-2

+2

+2

ternaryquadraticformsto the

lengthof any vector,~, in any

uva&cos7

uw~cosf3

VWbccoscY—

whereg, Q ~, ~, 9, and 7 =e the ce~ co~tants am u> v> w ~e

integers. ‘Iheaboveequationmaybe identifiedwith the following

equationof Eisenstein

f =x2a+y%+z2c+2xyt

-1-2XZS

+2yzr

Subjectto a seriesof ratherremarkableconditions,Eisenstein

questionsmay be reduced,i.e.,a uniquesolutionmay be foutie If two

or more Eisensteinequationsare to be classedas equivalent,one merely
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need comparetheirreducedforms. If the

the ori@xiL equationsare eqtivaleti.

The Eisensteinconditionsapplicable

equationgivenaboveare:

reducedformsare equivalent,

to the crystallographic

If (l),a b cos 7, a c cos 13,b c cos CXare all positiveor alJ.-- -- --

negative;

then (2),92 <p2s~2, [g2+Q2+2Q9cosa +2q L3cos@+2g Qcos

7 ~ 03;

ad (3),q2~12accos(31, ~2 z12abcosyl, Q2212b CCOS O!];-- -- --

and (4)s if !Z2=Q2,1bc cos CXl~laccos 13];-- --

laccos~l~labcosyl;if Q2=Q2, __ --

if[~2+~2+ 2bccos CX+2 accos P+2abcosy=Oj-- —- --

g2+2accos~+abcos~ <01.-- --

Huwever,(5),forq Qcos7, ~~cos P, Q~cos ~~o;

2 -2a bcos7, thenaccos@ =0;if q=__ --

-2accos5, thenabcos 7=0;if~2= __ --
2

-2 bccosa, thenabcosy =0;if~ = __ --

Also,(6),for ab cos 7, a c-- --

if 92 =2abcos7,--
2 =2accos@,ifg __

if p2 __,=2 bccoscX,

The conditionsin brackets[ ]

bccoso!areal.l <0.--

cosf3,bccos C%>O;--

thenaccosf3~2bccos cz;-- --

thenabcos yS2bccos CX;.- --

thenabcos Y~2accosf3.-- --

are omittedunlessg Q cos y, q Q cos f3,
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Accordingto the definitionof a latticeany latticepointmay be

reachedflrcmany otherlatticepointby appro~iatetranslationof the

vectors(orfractionsof the vectors)chosento describethe edgesof

the unit celJ..It followsthen,that the vectordistancefrom an origin

to any givenlatticepointmaybe foundfor any of the infinitenumber

of unit cellsthatmay be defined.

‘IheEisensteinconditionsgivenaboveimplythat any latticeafi

any vectordistancemay be examinedby the followingprocedure:

In a givenlatticelet a unit cellbe chosen. Let the cellbe

subjectedto the Eisensteincoxiiitions.If the ce13.passesall the

criteriaimpliedby the conditions,it is saidto be Eisensteinreduced

atimay represent a uniquesolution. If the cell chosendoes not pass

the coalitionsit is not Eisetiteinreducedand the implicationis that

anothercelJ-must be chosenif a uniquesolutionis desired.

The applicationof Eisensteinconditionsto severaltypesof cells

is illustratedbelow.

Example1. For a simple cubiccell (Fig.UA, AppendixA) let the celd.

chosenbe:

a=gforwhichcos~ =OaMqQcosy=O

~=g Cosp=o accosP=O-.

~=g Cosy=o bccosCX=O-—

Then,Condition(1)is satisfied;+, +, +0

2
Cotition (2)is satisfied;g2 = 92 =g.
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Condition(3)is satisfied;92 >0, 92 >0, 92 >0.

Cotiition(4)is satisfied;92 = 22, 0 = o;

f stf,o=().

Cotiition(5)is satisfied;O, 0, 0, = O; remainder is not

applicable.

Co~ition (6) is not applicable.

Sincethe chosencellpassesall the criteriaimpliedby the conditions,

the cell.is Eisensteinreduced.

Example2a. For a body-centeredcubiccell (Fig.44B, A~endix A) let

the cellchosenbe:

q = 1/2 g~3 (1/2diagonal.of cell) for which cos a = l/J2

p=g (celledge) cos 9 sY2/f3

g=gJ2 (diagonalof cel.lface) Cos 7 = 1//3

ad abcosy=l/2g2--

accos$=q2--

bccoscX=g2--

Then,Cofiition(1) is satisfied;i-,+, +.

Condition(2) is satisfied;3/4

Condition(3)is

Sincethe chosencellis not reduced,

uniqueceld.is desired.

a new cell.shouldbe chosenif a
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Example2b. For a body-centeredcubiccell (Fig.44B, AppendixA) let the

.
cellchosenbe:

g= 1/2 g /3 for whichcos Q!= - l/3andabcosy=-l/4Q2.—

~=1/2g~3 COS p = - 1/3 a c cos P= - 1/4g2--

g=l/2~J3 cos7=- 1/3 bccosCX=- 1/452—-

Then,Cotiition(1)is satisfied;-, -, -.

Condition(2)is satisfied;3/4 g2 = 3/4 g2 = 3/452,

T 3/4g2 +3/4=2 - 2/4~2 -2/4g2 - 2/4 A2=Ol.

Condition (3)iS satisfied;3/4 92 > 2/4 a2, 3/4 92 > 2/4 S2Y

3/4g2 >2/4 32.

Cotiition(4)is satisfied;3/4 q2 = 3/4 ~2, 1/]+!Z2= 1/4 92~

3/4 g2 = 3/4 &2, 1/4 =2 = 1/4 52,

~3/4E2 + 3/4 Z2 - 2/4 ~2 - 2/4 =2 - 2/4 92 = O,

3/4q2 -2/4~2 -1/492=01.

Condition(5)is satisfied;-, -, -; remairxkris not applicable.

Condition(6) is not applicable.

Sincethe chosencell.passesall the relevanttests,it is Eisenstein

reduced.

Example3a. For a face-centeredcubiccell (Fig.MC, appendixA) let

the cellchosenbe:

a = 1/2 972 for which cos a = 1/2 arxiQ cos 7 = 1/4 92

p. 1/2 gJ2 Cos p = 1/2 a c cos f3= 1/4 92--

~= 1/2 gJ2 Cos 7 =1/2 bccosa= 1/4g2--
.

I
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Then,Codl.tion(1)is satisfied;+, +, +.

Cotition (2)is satisfied;1/2 92 = 1/2 92 = 1/2 920
2

Corxlition(3)is satisfied;1/2 S2 = 1/2 !Z2>1/2 k12 /=12(3,

1/2 g2 = 1/2 g2.

Condition(4) is satisfied;1/2 g2 = 1/2 92, 1/4 32 = 1/4 g2,

1/2 g2 = 1/2 g2, 1/4 g2 = 1/4 g2.

Co~ition (5)is not applicable.

condition(6)is satisfied;+, +, +

1/2 92 = 1/2 92, ati 1/4 g2 <1/2 92,

1/2 g2 = 1/2 g2, ad 1/4 52 < 1/2 52,

1/2 g2 = 1/2 q2, ati 1/4 92 < 1/2 q2.

The chosencellis thus Eisensteinreduced.

Example3b. For a face-centeredcubiccell

the celllchosenbe:

a = 1/2 ~f2 for which cos ~= - 0 and

p=l/29/2 cosp=- 1/2

g. 1/2 g J2 Cos y = - 1/2

Then,Condition(1)is satisfied;-, -, -.

(Fig. WC, &peWx A) let

abcosy=- 1/4 92,--

accosP=- 1/4 ~2,--

bccosCZ=-O.--

Condition(2)is satisfied;1/2 !lk2= 1/2 !&2= 1/2 !22~

[1/232 +1/2q2-o” l/292-l/2 ~2=oL

Corilition(3)is satisfied;1/2 g2 = 1- 1/2 q21, 1/2 Q2=I-l/* lL21J

1/292>1 -01.



Condition(4)is

[1/232 +

1/2 g2 -

Cofiition(5)is

satisfied;1/2 92 = 1/2 92, I-OICI-1/4 g21,

1/2 g2 = 1/2 .%29I= 1/4 ~21=1- 1/4 ~21,

l/2g2-o -l/2q2” l/292= o,

1/2 q2 - l/4g2<o ].

not satisfied;-j -, -

1/2 92 = 1/2 ~a,but- 1/4 g2 }0.

Thereforethe chosencellis not Eisensteinreduced.

Jones (1935)writesthat for any givenpointlatticean Eisenstein

reduction(Parentheticalinsertionsby Roof)

“amountsto pickinga coordinatesystem(i.e.,a unit cell)as
follows: choosea~ pointO of the latticeas the origin,call
A one of the pointsof the latticeclosestto O, draw the X axis
alongQA, chooseas B one of the pointsas closeto O (X,i.e.,
the X axis)as any pointof the latticenot on the X axis and
drawthe Y axisalongOB, chooseas C one of the pointsas close
to O as any pointof the latticenot in the XY planeati draw
the Z axisalong (E.”

A systematica~lication of this recipeto the pointlatticeshaving

variousgeneralizeddimensionalconfigurationswill yieldthe 41 Niggli

reducedcells. The additionof the expression(X,i.e.,the X axis),to

the abovedefinitionis inqxrtant,as it was shownin Example3b that a

latticepointmaybe chosen“ascloseto Oas any pointof the lattice

not on the X axis,”whichdoes not yieldan Eisensteinreduction. On

the otherhati,in Example3a an Eisensteinreduction

the latticepointchosenis

x ald.s.

The celd.chosenin 3b,

the one closestto the OX

while it is composedof a

is obtainedif

line,i.e.,the

set of three

.

.
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shortestnoncoplanar”vectorshavingthe cosinesof the interaxial

anglesall negativeand may thereforebe classedas reduced,is not

Eisensteinreduced. It is actuallya very special.casethatwould occur

in the body-centeredtetragonallattice(Fig.45C, AppendixA) when the

ratio~g=f2. In this casethe Eisensteinreducedform is the

reducedcellgivenin Example3a for the face-centeredcubiclattice.

The 41 Nigglimatricesare all Eisensteinreduced. It does not

necessarilyfollowthat specialor degeneraterepresentationsof these

matriceswill fieldcellsthat are themselvesEisensteinreduced. A

hexagonallatticehaving~g = 1.0 generatesa specialNigglirepresen-

tation,andthe reducedcell (in standardorientation)is also Eisenstein

reduced. However,a baly-centeredtetragonallatticewith ~~=~2 also

generatesa specialNigglirepresentationbut the reducedcell (in

standardorientation)is not Eisensteinreduced.
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